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0.1: The Binomial Theorem and Pascal’s Triangle.

The formulas
(x+1y)? = 2?4+ 22y + y*, and

(x + 1) =23 + 322y + 3z + 9.
are special instances of the Binomial Theorem, which says that the coefficients in the
expansion

(CL’ + y)n — xn+?xn—ly+?xn—2y2 4. _+?w2yn—2+?xyn—l + yn

are found in Pascal’s Triangle:

Details can be found in http://kunklet.people.cofc.edu/MATHI111/pascal.pdf

0.1.rel.
(z +1)° = 23 + 322y + 3xy® + o>

(z +y)* = 2t + 423y + 6279 + day® + ¢

0.1.re2.  Generate the next three rows of Pascal’s Triangle.

0.1.re3. Expand the following.

a. (r+3)* b. (u+wv)° c. (u—wv)°
d. (2®4+y)? e. (z—a b f. (£ —2)°
Answers

0.1.re2. 5th row: 1 510105 1. 6th row: 16 1520 156 1. 7Tth row: 1721 353521 7 1.

0.1.re3a. x* + 122% + 5422 + 108z + 81  0.1.re3b. u® + 5utv + 10u®v? + 10u?v® + Suv? + v°

0.1.re3c. u® — 6u’v + 15utv? — 200303 + 15020t — 6uv® + v®  0.1.re3d. 22 + 42%y + 620y + 423¢y3 + ¢4
0.1.re3e. z° — 522 + 10z — 10z~ + 5273 + 27>  0.1.re3f. £6 — 12¢% 4+ 60£* — 160£3 + 24062 — 192¢ + 64
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Ap.D: Trigonometry

For a more complete review of trignometry, see Appendix D of our text.
The two basic functions in trigonometry are the sine and cosine, graphed here:
y

1 y =sinzx
-2n -7 Un 3n\_/1.1
-1 -

NI N

The other four trig functions are defined using sine and cosine:

X
T

X
TT

sinx CcosS T
tanx = cotxr = —
cosx sinx
1 1
secxr = csCxr = —
CcCosS sin x

sin x and cos x are defined for all real numbers x, but tan x and sec x are undefined whenever
cosx = 0, and cot x and csc x are undefined whenever sinx = 0.

By definition, cos x and sin z are the coordinates of the point on the unit circle (i.e., the
circle of radius one centered at the origin) = radians counterclockwise from the positive
horizontal axis.

slope = tanx

i 1
(cosz,sinx) sinz

x radians

A

Consequently, the ray through the origin = radians from the positive horizontal axis has
slope tan z, and, when x is an acute angle, cos x and sin z are the legs of this right triangle
with hypotenuse 1 and interior angle x
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Known values of sine and cosine

We already know the values of sine and cosine at the four points where the unit circle
intersects the z and y axes. By placing these two triangles:

e
s
A
N|—
N
Ll
Sl

around the unit circle like this:
y y y

) NV

NS s

we find the sines and cosines at 12 more points on the unit circle (and the infinitely many
angles that reach those points).

y
Ap.D.rel. Find all angles whose cosine is —%.

We recognize 1/2 as the short side of the 30-60-90 triangle, so for the
cosine to be —1/2, the angle must be one of the two pictured at right.

Find one angle that matches each drawing, for instance, ~
r=n—7/3=2n/3 and z=7+w/3=4n/3.

Then add all multiples of 27 to describe all angles that fit the draw-
ings:

r=2mw/3+2mn and x=4n/3+27n (where n is any integer).

Ap.D.re2. Find all solutions x to the given equation.
a. sinz=—1/v2 b. cosz =0 c. tanzx = -1
d. secx = -2 e. cscx=2/V3 f. cotzx =13
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Identities

You must know the derivatives of the six trig functions and these trig identities:

PYTHAGOREAN IDENTITIES

sin?z +cos?z = 1

tan?x + 1 = sec? x

1+ cot’z = csc’ x

EVEN & ODD IDENTITIES

sin(—z) = —sinz

cos(—x) = cosx

SUM & DIFFERENCE IDENTITIES

sin

E%

sinz cosy + cos xsiny

cos(x + = COST COSY — sin x Slny

sin

%3

(z+y) =
(z +y)
( y) IHZL’COS?J—COSZL’Slny
(z —y)

COS

%3

—Yy) =cosxcosy + sinxsiny

DOUBLE ANGLE FORMULAS

sin(2x) = 2sinz cosx
cos(2z) = cos® z — sin® z
= 2cos’z — 1

= 1-2sin’z

HALF ANGLE FORMULAS

cos’x = 1 (1 + cos(2z))

sin®z = 2 (1 — cos(2z))

Ap.D.re3.  The first pythagorean identity follows from the definition of sine and cosine.
Derive the second and third pythagorean identities from the first by dividing by either
sin? x or cos? .

Ap.D.red.  The formula for cos(z + y) is obtained by differentiating both sides of the
formula for sin(z + y) with respect to x assuming y is a constant. Derive the other
sum/difference/double/half-angle formulas from these two by differentiating with respect
to x, replacing y with —y and using the even/odd identities, or replacing y with x.
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The inverse trig functions

To define inverses of the trig functions, we restrict each to a domain on which it takes each
value in its range exactly once. The three we’ll see most often in calculus are the inverses
of the sine, tangent, and secant.

y=sin"lz
y

g

S
T T X
-1 1

s

z .

Traditionally, each of the inverse trig functions has two names. The inverse function of

sin z is called sin™*

etc..

x or arcsin x, the inverse function of sec z is called sec™

1

I Oor arcsec x,
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As indicated in the graphs above,

Domain Range
in—?! ~1.1 [_E E}
sin [—1,1] 55
-1 ™ 3
sec (—o0, —1] U [1, 00) [O, —) U |m, —
2 2
-1 _ T f)
tan (—00, 00) ( 55

although there are few times in this course when you’ll need to know these details.

Tip: if x > 0, and “arctrig” is any of the inverse trig functions, then arctrigz € [0, 3.
It is helpful to remember the definitions of the inverse trig functions in words:

If —1 < 2 < 1, then sin™! z is the angle in [—g, g] whose sine is x. That is,

1

sin(sin” " x) =« for any x € [—1,1].

If |z| > 1, then sec™! z is the angle in [O, g) U [7r, 37”) whose secant is . That is,

1

sec(sec” ) =z for any x € (—o0, —1] U [1, 00).

If —0o < & < 00, then tan~! z is the angle in (—%, %) whose tangent is x. That is,

1

tan(tan” z) =« for any real number x.

Ap.D.re5.  Evaluate: sin™! (—%)

Answers
Ap.D.re2a. x = —w/4 + 2mn or x = =37 /44 2mn  Ap.D.re2b. x = 7/2 + 27n or x = —7/2 4 27n
Ap.D.re2c. x =3n/4+2mn or x = 11w/4 + 2mn  Ap.D.re2d. (same as in example Ap.D.rel)
Ap.D.re2e. x = w/3+2mn or © = 2w/34+2mn  Ap.D.re2f. x = 7/3+2mn or x = 4w /34+2mn Ap.D.reb. —7/6
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D: Differentiation
The derivative of the function f(x), denoted f’(z), is defined to be

) pim FEED I PO~ S

h—0 t—x t—x

The linearization of a function f(z) at = a is the linear function having the same value

and derivative value as f at a and is given by

L(z) = f(a) + f'(a)(x — a).

Differentiation rules allow us to differentiate many functions without resorting to the def-

inition. These rules come in two types.

I. A catalog of elementary functions and their derivatives.

f(x) derivative of f
f(z) f(@)
z" na™ !
In |x| r!
e’ er
sinx COS T
cos —sinx
tanx sec
cotx —csc?x
secx secxrtanx
cscx —cscxrcotx
sin~!x 11_962
tan~ ! x H_le
sec tx I\/ﬁ




MATH 220 review: D http://kunklet.people.cofc.edu/ 13:33 29 July 2022 page 8

II. Combination laws.

Linearity Rules: If f(z) and g(z) are differentiable and ¢ is a constant, then

(cf(2)" = cf ()
(F@) +9(2))" = ') +'(x)

Product Rule: If f(z) and g(x) are differentiable, then so is their product, and

(f(@)g(x)) = f'(2)g(z) + f(2)g (2).

Quotient Rule: If f(z) and g(x) are differentiable, then so is their quotient, and

= (provided g(x) # 0).

Chain Rule: If f and g are differentiable functions, then their composition is differ-
entiable (where it exists), and

When more than one combination law applies, remember this advice:

The last operation determines the first differentiation rule we must use.

D.rel. Find the indicated derivatives of the given function.

a. f'(x) & f"(z), where f(z) = T2% — 5= + 22 + 52

3
2

b. ¢®(z) & ¢®(x), where g(z) = 72> + 42% + 2z + 25
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D.re2.  Find the quadratic function k(z) satisfying

k2)=1 K@) =-1 k'(2)=6.

D.re3. Find the derivative of the given function.

373 + 2
a. x%e” b. z%e®(2x — 3) —
x
e’sinx
d. e"zsinz —_—
et tanx
. . . re®
D.re4. Find the equation of the line tangent to y = 321 at x = 1.
x J—

D.re5. Find the derivative of the given function.

sin 2 b. sin’z Va2 —br+1

a. c.
d. In2 e. In(2z) f. In(e *5x2sinz)
g. In|secz| h. logsx i, ezl
j. xm/2 k. e* sinz . 9%
m. etn’T n. x?cos®x® 0. (sin?z)es®
e” tan™*(sin ! z) r. (tan~'z)(sin™!z)
P s q. .
s. e”arccosz” t. sec(sec™ ') u. cot(arctane”)
D.re6. Find the linearization of the function at the given point.
a. e, a=0 b. e’ a=1
c. sinz,a=0 d. sinz, a =m/4
e. Vr,a=9 f. e®(sinz — cosx)

For more differentiation practice, see the review problems from Chapter 3 listed on our
syllabus under Assigned Problems.

Answers
D.rela. f'(z) = 212% +207%/3 4+ 2. f"(z) = 42z — L2783, D.relb. g (z) = 42. ¢ (2) =0. D.re2. 32%—

13z +15 D.re3a. (#2 +2x)e® D.re3b. (223 + 322 — 3z)e® D.re3c. 3 —4x~3

D.re3d. e* :csinx—i—%exﬁ sinz+ey/rcosz D.rede. —sinz Dured. y—& = —5(xz—1) D.reba. 2z cos(z?)

D.re5b. 2sinzcosz  D.rebe. 3(2z — 5)(z? — bz + 1)~%2 D.re5d. 0 D.ree. z—' D.rebf. —1 + % + cotx

D.rebg. tanz D.rebh. hint: logsz = (Inz)/(In3). Derivative = Tlns D.rebi. hint: simplify before differ-

_ e _ C o b L 1
entiating. Derivative is %x /2. D.rebj. hint: a® = e = eb"?. Derivative = %ezx]nm(l +1Inx).

D.re5k. (zcosx +sinz)e” "  D.re5l. hint: 27 = (2" = ¢#1"2 Derivative = e*21n 2.

2

2 . . P
D.re5m. e “2tanxsec?z  D.rebn. 2z cos®(2%) — 6x% cos(2?) sin(z?) D.rebo. (2sin cosx — sin® )es?

D.re5p. hint: Sefz\/g = e” cos \/z. Derivative = e”(cos(y/z) — $271/2sin(y/)).

D.rebr. 511‘:;21 + % D.rebs. e (cos_1 x3 — \/%) D.re5t. hint: simplify before differentiating.

1
D.re5q. (14(sin— ' 2)2)v/1—22

Derivative = 1. D.rebu. hint: simplify before differentiating. Derivative is —e™*. D.re6a. 1+ x

D.re6b. ze D.re6c. z D.re6d. % + %(m — %) Durebe. 3+ £(z—9) D.re6f. ¢™/? (1 +2(z — 7r/2))
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I: Integration

The definite integral from a to b of f(x)dx, written f; f(x)dx, is the limit of the
Riemann sums of f on the interval [a, b] as the length of the subintervals goes to zero.

The indefinite integral of f(z) dz, written [ f(z)dz, is the collection of all antideriva-
tives of f(z), that is, those functions F'(z) whose derivative F’(z) equals f(x).

b
/f(a:)da: = a number.

= the net signed area trapped between the graph of f(x)
and the z-axis from z = a to z = b.

= the net distance traveled from time z = a to time x = b
by an object whose velocity at time z is f(x).

/ f(x)dx = a collection of functions.

= the set of all antiderivatives of f(z).

If F(x) is an antiderivative of f(z) on an interval, then, by the Mean Value Theorem,
every antiderivative of f on that interval equals F'(z) + C for some constant C"

/f(a:)d:c = F(x)+ C, where F'(z) = f(x)

According to the FTC below, evaluating a definite integral consists primarily of finding an
antiderivative. We refer to both of those operations as integration.

Fundamental Theorem of Calculus: If F(z) is any antiderivative of f(z) and if
f is continuous on [a, b], then

b
/ f(t)dt = F(b) — F(a) & P(a)"

Lrel. Integrate.

2 3 1
a. /(wo'7 —2¢") dx b. / (1 —6t% + 10t*) dt c. / r 2-: dr
1

/4 3
d./ sec x tan x dx e. /:z:uda: f. /(u—|—3)(u—4)du

—7/6 -3
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A table of antiderivatives is practically the same as a table of derivatives read backwards:

f(x) derivative of f f(x) antiderivative of f
f(z) f'(x) f() [ fx)dx
" na" ! o n%rla:”*'l +C ifn#-1
In |x| z1 In|z|+C ifn=-1
e’ e’ e” e* +C
sin x cosx COsS T sinz + C
cos T —sinx sinx —cosz + C
tanx sec? x sec? x tanx + C'
cot x —csc’x csc? x —cotz+C
secx secx tanx secx tanx secx + C
cscx —cscxcotx cscx cotx —cscx +C
sin~'x 11_12 11_362 sin"ta 4+ C
tan~ ! x 1+1x2 1+112 tan~ ! +C
sec™ !l x :r\/$12——1 x\/x12——1 seclz+C

There are fewer combination rules for antiderivatives than for derivatives. If f and g are
functions and c is a constant, then

[ @)+ g@)ds = [ f@ydo+ [ gla)da

/cf(a:) dx = c/f(a:) dx
Generally, it’s difficult to integrate a product or quotient, because

</ f(z) d:r:) (/g(:r:) da:) ” /f(as)g(:r:) dr., and
(/ﬂx) dx) N (/g(a:) dx) 7 /(f(ﬂf)/g(:c))d:c.

For example, 22 is an antiderivative for 2z, and e? is an antiderivative for itself, but x2e®
X xT

. . . . e . . . . €
is not an antiderivative for 2ze”, and —; is not an antiderivative for on
x x
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Lre2. Find f(l‘) if
a. f'(z)= é and f(—2)=1
b. f"(z) =sinz — 2% and f/(0) =2 and f(0) = —1

Lre3. Integrate.

1 1
a. /(332 —3)Vaxdx b. / i c. / e? dp
2 0

—st 4
d./ - e. /edw f. /(2csca:cotx—3cosa:)daj

1

3 2
— 1
g. /(332— 1)% da h. / i. /$dr
0 cos2t 2r
/a: +8d k. / |x| dx
X +2 -9
m. /( ) dzr n. /Cscx(csca:—cota:) dx

The Substitution Rule uses the chain rule to help us to simplify an integral. It says that
an integral of the form [ f(u(z)))u'(z) dz (for some function u of z) can be rewritten

/f —dx—/f(u)du

and thenceforth be treated as if u were the variable of integration. For this reason, sub-
stitution is also called a change of variable.

—

12 gu
/0 V1—u?

Lre4. Integrate.

V1
a. /x3 sin(z?) dx b. /(2:1: +1)vVa? +zdr c. ;11’ dx

1
d. /2m+3 dz e. /Cosxcot(sina:) sec’(sinz) dx f. /1 —l—ﬁdw
2eV® e’
: d h. d i 2t + 1) dt
8 \/E x /62x+1 €z 1 /( + )

/:L'\/x + 2dx

For more integration practice, see the review problems from Chapter 5 listed on our syllabus
under Assigned Problems.

Answers
Lrela. =27 — 2¢” + C Lrelb. 49 Lrelc. ¢r® + $In|r|+C Lreld. 2 ++/2. Lrele. 0 Irelf su® —
tu?—12u+C Lre2a. f(z) =In|z|+1-In2 Lre2b. f(z)=—sinz— 5z*+3z—1 Lre3a. 22° 2115+C’
Lre3b. 4/5 ILre3c. e—1 Ire3d. —In3 ILre3e.5e ILre3f. —2cscx—3sinz+C Ire3g. —1’ 3 otz —z+C
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Lre3h. 1 ILre3i. %7'327'2—% In|r|+C ILre3j. hint: use long division to rewrite integrand. %x?’—zz—o—élsc—o—C.
Lre3k. 4 Ire3l. 7/6 Lre3m.2In|z| + 3tan~'z + C ILre3n. —cotx + cscx + C Lreda. —5 cos(z?) + C
Lredb. %(a:2+x)3/2+0 Lredc. %(1na:)3/2+0 Lredd. (52773 +C Lrede. In|tan(sinz)|+C Lredf. 2\/z—
2In(14++/2)+C Lredg. 4eV*+C Tredh. tan~'e®4+C. Lredi. H@2t+1)2+C Tredj. 2(x+2)>2—3(z+
232+ C



