MATH 203-03 (Kunkle), Exam 3 Name:
100 pts, 75 minutes Nov 14, 2024 Page 1 of 2

No notes, books, electronic devices, or outside materials of any kind.

Read each problem carefully and simplify your answers.

Unless otherwise indicated, supporting work will be required on every problem worth more
than 2 points.

Solve or find the solution always means to find the general solution, if it exists.

You are expected to know the values of all trig functions at multiples of 7/4 and of 7 /6.

1(16 pts). Let B = { {1] , {2} }, a basis for R?, and observe that

IR

4] relative to this basis.

a. Find the coordinates [u]p of u = [ 3

b. Find the vector v if its coordinates relative to B are [v]p = [_53] .

2(25 pts). Suppose U and V' are row-equivalent, where

a b ¢ d 1 01 O
U=1le f g h V=0 1 0 -1
g k(L 0 0 0 O
Find a basis for each of the following vector spaces.
a. ColU b. ColV c. RowU d. RowV e. NulV
3 00
3. Let C= {0 1 2
0 2 1

a(9 pts). Find the characteristic polynomial of C.
b(12 pts). Find a basis for the eigenspace for C' corresponding to the eigenvalue A = 3.

c(6 pts). —1 is another eigenvalue of C. Is C' diagonalizable? Why or why not?

4(8 pts). Suppose D = {d;,ds,d3s} is a basis for the vector space W, and that S : W — W
is a linear transformation, and that matrix of S relative to D is

1 -1 1
Slp=11 2 0
0 -1 3

Find S(2d2 — dg)
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5(10 pts). Suppose A is a 5 x 8 matrix.

a. Fill in the blank:  The dimension of Nul A must be at least
“0” is a correct answer but will get you no credit. For full credit on this part, you must
fill in the blank with the largest possible correct number.

b. If Nul A has dimension 6, what are the dimensions of Col A and of Row A?

6(14 pts). Answer one of the following parts. Clearly indicate which part you're answering.

a. Suppose B = {by, bs, bg} is a basis for the vector space V. Show that the coordinate
map from V to R? is onto; that is, show that for any x = [7; 2o w3 ]T in R3, there’s a
vector v in V for which [v]|g = x.

b. Suppose S = RTR™!, where S, R, and T are square matrices of the same size. Show
that if x is an eigenvector of T with eigenvalue 4, then Rx is an eigenvector of S, also with
eigenvalue 4.
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1a(8 pts).(Source: 4.4.5,6) {i ?} [u]p = u, so

=1 4] =[5 A0

1b(8 pts).(Source: 4.4.1,2)

o= [1 Hee= [ 23] -[3

b
2a(5 pts).(Source: 4.3.13) The pivot columns of U form a basis for Col U: el,|f
' J
1 0
2b(4 pts). The pivot columns of V' form a basis for Col V: 0f,1
0 0

2c¢(5 pts). and 2d(4 pts). Row U and Row V' are the same vector space. The pivot rows of V'
form a basis: {[1 0 1 0],[0 1 0 -—1]}.

The example

0

0

-1

U:

S = O
_= o O
S = O

illustrates that the first and second columns of V' might not be a basis for Col U, and that
the first and second rows of U might fail to be a basis for Row U.

2e(7 pts). NulV is the solution set to Vx = 0. The free variables are x3 and x4, and, in
parametric vector form,

—I3 -1 0

. Tq . 0 1

Tq 0 1
-1 0
These two linearly independent vectors span Nul V', so they form a basis: E (1)
0 1

3a(9 pts).(Source: 5.2.9-13) The characteristic polynomial of C' is the determinant

3-A 0 0
C—M|=] 0 1-X 2
0 2 1—A

1-—A 2

::@_Aw 2 1-2A

’:@—Axu—AP—@
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If you want, this can be factored as (3 — A)(A2 —2XA —3) = (3 — A\)(A = 3)(A+1).
4a(12 pts).(Source: 5.1.13-16) The eigenspace is the nullspace of

0 0 O 0 1 -1
C-3I=|0 -2 2|~ [0 0 O
0 2 =2 0 0 O

1 0
The free variables are ;1 and x3. Continuing as in 3e, we find 01,1 is a basis.
0 1
5a(6 pts).(Source: 5.3.12-16) A = 3 has geometric multiplicity 2, and so A = —1 must have
geometric multiplicity 1. Consequently, R? has a basis consisting of (3) eigenvalues of C,
so that C' is diagonalizable.

6(8 pts).(Source: 5.4.5-6) The matrix [S]p must satisfy this diagram:

|
e | It
R 3 Rs
0
That is, [S(v)]p = [S]p[v]p for each v in V. Let v =2ds —d3. Then [v]p = | 2 |, and
-1
1 -1 1 0 -3
SWV)lp=1{1 2 0| 2]|=]4
0 -1 3 -1 )

So S(V) = —3d1 + 4d2 — 5d3

7(10 pts).(Source: 4.5.36-39)

a(5 pts). The dimension of Nul A must be at least 3. Since A is 5 x 8, it has at most 5 pivot
columns and therefore at least 3 nonpivot columns, and the dimension of Nul A equals the
number of nonpivot columns.

b(5 pts). If A has 6 nonpivot columns, then it has 2 pivot columns. The dimensions of
Col A and of Row A both equal the number of pivots, or 2.

8a(14 pts).(Source: 4.4.28) The vector x1by + x9obs + x3bs is in V', and its coordinates are
(21 22 x3 ]T. That is, [z1b1 + x2ba 4+ 23bs|g = x, and the proof is complete.

8b(14 pts).(Source: 5.4.25) For x to be an eigenvector for T for the eigenvalue 4 means that

X is a nonzero vector satisfying
Tx = 4x.

The vector Rx is nonzero, since Rx = 0 would imply x = R710 = 0. All that remains is
to show that SRx = 4Rx:

SRr = (RTR Y Rx = RT(R™'R)x = RTIx = RTx = R4x = 4Rx,

completing the proof.



