Pre-precalculus Boot Camp: Arithmetic with fractions page 1
http://kunklet.people.cofc.edu/ Aug 24, 2017

Arithmetic with fractions

To add fractions with the same denominator, add the numerators:

a-+c

a C
M PRI

To multiply fractions, multiply the numerators and denominators:

a ¢ ac
® b d " b
To divide fractions, invert and multiply:
a ¢ a d
) 5YaThc
Division by zero is not allowed:
(4) 2 does not exist

(because § =7 would mean a = 0-7, which has no solution if a # 0 and infinitely many solutions if a = 0.)

As a consequence of (2),

ac a
5 =z
(5) be b
(because 3¢ = ¢ - £ = 2 -1.) We use this either to simplify a fraction by canceling common factors, e.g.,
8 2.4 2
12 3.4 3

or to obtain common denominators for adding fractions, e.g.,

ot
S

3-3 20 9 29
“53ts53 T

+ 3 5.3 15 15 15

Wl
ot w

ot

There’s nothing inherently wrong with an improper fraction, but to write an improper fraction as a
mixed number, we use long division. For example,

17 -+ 5 = 3 with remainder 2

means that

17 2
LA -
5 5
1. Find the sum or difference.
2,4 s _ 5 2,8 23 7.5 47
a. §+3 b -5 ¢ §5tg d- §-% e gtg f.3-3
8 _ 5 2,8 ; 2 _ 3 74 5 4 7 2 4
& 1414 h. 543 1. 25 ~ 20 Jooa k. 35— 13 L 55+
54 11 8_3 5 49 2_9 749 21 _ 5
m. 3+ n. 31 0. 35t 33 p- 77 4 5t3 9 ~9
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2. Find the sum or difference.
2 4 3 1 13 1 2 6 4 3 4 5
a. §+5 b. 15 C. ?—Fg d. ﬁ"—? €. 51 11 f. 5"’1
5 1 6 4 : 5 3 : 2 4 7 4 1 11
8 2 4 5 2 8 14 8 10 3 12 2
8 1 1 5 2 3 8 3 4 3 12 5
S. ﬁ+6 t. 5711 u. ﬁ+3 V. 1—5+§ w. 15 — 2 X. 5 11
3. Find the sum or difference. Hint: always use the least common demonimator.
3 3 2 4 1 3 3 2 7 17 5 5
a. 210 b. §+ﬁ C. ﬁ—Fg d. i0 — 15 c. §+ﬁ f. 18 ~ 22
4 11 3 11 : 13 5 : 2 3 3 1 5 4
6 7 2 4 8 7 5 5 7 6 5 2
m. 10 — 15 n. g+% O. §+§ p. 3 24 q. ﬁ+% T. §+ﬁ
25 17 25 17 18 40 13 15 25 9 31 21
4. Find the sum or difference. Hint: n = ¢
2 4 13 11 7 8
5 4 : 1 : 2 5 4
5. Find the product. Hint: cancel common factors before multiplying.
2 0 5 4 5 11 2 3 1 25 —8 2
a. gXZ b. 7)(5 C. GXF d. 1—><5 €. §X7 f. Txﬁ
8 3 3 5 : =3 -7 : =9 6 5 6 14 45
g. 15 X 10 h — X 5 1. 5 X 5 J. —2 X 5 k 1 X 7 1 5 X 51
99 5 8 21 26 35 5 0 5 3 8 3
m. 55 X 3 n. ) X 51 0. 15 X 12 p. 1 X 3 qg. 13 X 10 I. 17 X 16
9 7 4 7 1 4 2 -7 4 3 4 3
S. §X§ t. ng u. §X§ V. §XT W. ﬁxﬁ X. Tuxﬁ
6. Find the quotient. Remember that division by zero is not allowed.
2 .11 8 . 12 1 . =5 3 . 12 1 .1 0 .1
8 . 6 3 . 2 : 3 .5 . 3 9 4 . 4 14 . 7
22 . 11 8 . 21 27 .12 5 .0 3 . 5 8 . 3
S -1 -3 -2 .7 -1 . =1
s. 2+3 t. 4+ 3 u 3z v. 12+3 w. T+3 x. 8+ 3
1 . 2 . 5 . 2 . —2 5 .
y. 3+4 z. §+2 27. 3+3 28. =+8 29. = =+3 30. 3+38
Answers
la. & 1b. & 1e. ¥ 1d. -1 le.2 1f -1 1g % 1ho2 1i-% 1.2 1k -2 11L& 1m i 1n 2 1o ]
16 16 22 11 107 80 19 41 61 113 o1 .26 23
1p. =1 1q. ¥ 1r. 3 2a. 75 2b. 55 2c. 5y 2d. = 2e. —5p 2f 55 28 55 2h. = 21 -5 250 57 2k &
323 110 17 34 86 109 14 7 1 43 61 29 107 9
2l =535 2m. 55 2n. —g3 20. 32 2p.  2q. 5y 253 2895 26 55 2u. = 2v. 55 2w, —55 2x. o 3a. op
26 37 1 55 5 25 9 .19 .29 1 23 2 14 31 10
3b. &5 3c. 5z 3d. g 3e. 57 3= 3g —35 3h.o g3 3iig 3j.x 3k 3 3l 3m. g 3n 5 3o.% 3p. gy
41 31 2 23 2 107 23 353 10 22 5 53 13 34
3q. 55 3r.  3s. 5z 3t 55 3u 3 3v. 5 3w, 57 3x. 3y da. —5 4db. F de. 7 4Ad. 3y de. - 4Af 3
4g. @ 4h. 2 4i 45 4 4k 3 4l -2 5a.0 5b. 2 5¢. DNE 5d. 2 Be. 2 5f -1 55 L 5h. -3 5i 2
5. 2 5k. 1 5.6 5m. % 5n. DNE b5o. & 5p.0 5q. & b5r.2 5s. % b5t 2 5u i 5v.—181 5w. 2
5x. —& 6a. = 6b. X2 6c.—L 6d.% 6e. 2 6f.0 6g. 220 6h. 2 6. DNE 6j. & 6k.DNE 6l. 2 6m. 10
63 27 56 16 21 36 1 1 5
6n. DNE 6o. 53 6p. DNE 6q. —5 6r. 53 6s.6 6t. 3 6u %5 6v. = 6w.21 6x. —24 6y 13 6z. ¢ 627. 3
628. = 629. -2 630. &
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Rationalizing the denominator

It’s sometimes handy to rewrite a fraction so that no radicals appear in the denominator. To do this,

we multiply the fraction by 1 in an appropriate form, thus changing the appearance of the fraction but not
its actual value.

Case 1: Rationalizing bi\/E'

[

In this case we can rationalize the denominator by multiplying by 1 = ¥£. For example,

C

N

14 14 VT VT 14VT VT 2V
37T 3T VT 3(wWT? 37T 21 3

w

a
Case 2: Rationalizing ————.
b+ cevd
When the last operation in the denominator is addition or subtraction, we rationalize the denominator
. . _ bFeVd .
by multiplying by 1 = LHC Vi and using

(@ —y)(z+y) =2 -y
(bF ¢V/d is called the conjugate of b=+ ¢v/d.) For instance,

3. 3 5+42V7T  3(6+2V7) _3(6+2V7) _36+2V7)
5—2V7 5—-2V/7 5+42/7 52-(2V7)2 25-4.7 -3

(54 2V7)

Tip: look for common factors in the numerator and denominator and for perfect squares under the

radical, e.g., V12 = V43 = 24/3.

7. Rationalize the denominator.

a. % b. \iﬁ c. % d. \/iﬁ e % f #ﬁ g. % h 7%/5
i % j \/% k. \/% L. \/Lﬁ m. % n % o} % p ﬁ
qg. \/21—2 T. \/i2_0 S. % t. \/Ll—ﬁ u % v % w. #84—0 D' 3;\;‘%
8. Rationalize the denominator.
a. 1+3\/5 b. 274\ﬁ c. 2+3\/§ d. 47%/ﬁ e 2—3\/6 f. 3+T/E g. 474\/5 h. 6+%/ﬁ
i 1+3\/§ J Zfil/ﬁ k 6+3x/€ ! 471\5/ﬁ . 5—2% n 6+3jﬁ 0 5733/5 b 5—65;5
a 5+?/% I 21?/5 S 153\/5 tg lj@ u 6—?/% v 15+13ﬁ W 9—136 X 3—1\%_2
Answers

S

7a. 25 7p. 4
n. 88 7o, 3

\]‘

Te. TS 7 WAL 7e, WVG 7f TYID qg V3 gy 65 qq VB 75 248 g VI g 32D gy VO

o3 7p B 7q Y T 0 7s B2 7§ 7u B 7v B0 7w 0 T B g S0

8b. —AZVD 8o 32— /3) 8d. 2D ge 34V gp g3 /1) 8g VS gy 202D g 3 gi 1 /3
8k. 68 8l 34+ VIT) 8m. 20D gy 36V g, 304VE) gy WGV gy B gy _8(14v32) 8s. 3

g, —IUEVB) gy VIO gy 3VB gy, A0EVE) gy 2042v2)

>
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Laws of exponents

We use exponents to denote repeated multiplication, e.g.,

3

a’°=a-a-a.
It’s easiest to remember the laws
aman — am-l—n (am)n — amn (ab)n — anbn
1
(1) a\® a” a™ . 1
3) =% w T a
by thinking of simple examples. For instance,
a*a®>=(a-a-a)-(a-a)=ad’,
and
(@®?=(a-a-a)>=(a-a-a) (a-a-a)=aS,
and

(ab)® = (ab)(ab)(ab) =a-a-a-b-b-b=a’b?

are examples of the first three laws in (1).
The laws (1) are also true for exponents that are zero, negative or rational numbers after we define

@) I Y It

with some restrictions. For instance, we can’t raise 0 to a negative exponent, since % is undefined, and the
last two equations are true only if the corresponding roots are defined. (Remember that we can’t take an
even root of a negative number.)

The most common mistake students make with the laws of exponents is to confuse (ab)™ with (a + b)".

In general, (a + b)™ is not equal a™ + b™.

Radicals

Ya refers to a solution to the equation z™ = a, if one exists.

If n is odd, then every real number has exactly one nth root. For instance v/—8 = —2, since —2 is the
unique solution to the equation 23 = —8.

If n is even, then negative numbers don’t posses real nth roots, and every positive number has two real
nth roots, one positive and one negative. In that case, the symbol ¥/a stands for the positive nth root of
a. The radical symbol \/~ with no index is always assumed to mean the square root & .

Example 1:
Both 3 and —3 are solutions to 22 = 9; both 3 and —3 are square roots of 9, but /9 stands for the
positive square root, or 3.
end Example 1

Example 2:

The equation z? =

—9 has no real solutions, so v/—9 does not exist.
end Example 2

One of the reasons that we can think of ¥/a as a power of a is the fact that

Vab= VaVb
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provided all three roots exist. That is,
(ab)l/n _ al/nbl/n7

as in (1). This is useful when we have to simplify expressions of the form ¥/a where n is a positive integer
and a is an integer. We look for the perfect nth powers that are factors of a, which we could always find by
factoring a down to prime numbers.

Example 3: /=48 = /=86 = /=8 V6 = —2¢/6.

end Example 3

Example 4: /72 = /36 -2 = V36 - V2 = 6V2.
If we hadn’t noticed that 36 is the largest square factor of 72, we still could have simplified this radical
completely by finding that the prime factorization of 72 is 2332. Then

VT2 = (3%2%)1/2 = 32/293/2 = 3. 9145 = 3. 21 . 21/2 = 6V2.
end Example 4

Example 5:
V144 = V122 = V2132 = 2V/32. Since v/32 = 3%/4 = 31/2, the answer can be simplified further to
2/3.
end Example 5
There’s one important hitch in using the laws of exponents with fractional exponents. If a > 0, then
both (a!/™)" and (a™)'/™ correctly simplify to a. However, if a < 0 and n is an even integer, (a'/™)" doesn’t
exist, and, because ¥/ refers to the positive nth root, (a")l/” = —a, as in this example:
Example 6:  ((—=3)%)'/2 = /(=3)2 = /9 = 3. In particular, the result is not —3.
end Example 6

The rule to remember in general is

If n is an even integer, then (a)*/" = |a|.

9. Simplify the radical or state that it does not exist.

a. V27 b, =125 ¢ V108 d. /=800 e /540 f V32 g
i. V9 j. V2700 k. /80 1L V1125 m. V98 n. /36

T

10. Simplify the radical or state that it does not exist.

a. Y135 b. V176 c. V=160 d. ¥180 e. =64 f. Y=324 g.
Y1458 i, 20,000 j. /405 k. =96 1. Y1125 m. =48 .
o. V720 p. Y1280 q. V12 r. ¥=10,000 s. &—80,000 t. /320 u. V50
m w. m X. 38

=3
i
w >
| =
[\
w
¥ ®
o0

w

oo
s}

=

=~
=
w
|
ot
=~
N
w
D
=~
o
[N
\]
=2}
|
—_
€
o0
)
0’3}
jo
o0

—12
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11. Rewrite the expression in simplest radical form or state that it does not exist.

a. 9732 b (=27)23 . (=27)°% d. (27)75/3 e (=27)7%/3 . (=81)%/% g 125723
h. 1673/* i 3632 j. 64723 k. 8134 1 125743 m. 9%/2 n. 81-5/4
0. 320/5 p. 8723 q. 752 r. 2423 5. 3243/4 t. 90732 u. (45)%/?
v. o (144)%* w. 10832 x. 108723y, 1232z (=160)73/5 27. (—96)3/4 28. 3273/4
29. 7°/4 30. 25073/2 31. (=500)%/3 32. 600-2/3

12. Rewrite without parentheses. FExpress your answer without negative exponents, and again without
fractions (other than exponents themselves). Assume all variables are positive.

a. ($3y75)2 b. (u71/201/3)712 c. y75($2y2$74)3
d.  (a®be 20 la=) 712 e. (uv2u"30®)3/? £ (x(2®y2)3ya®) 13
g a3 (ab®)/5p* h. a®b2c (4b)2(cb®) 1 (207 c?)? i 2u3(3v%)3wul®37!
i Vayty)Py )t k. (8aPy)!/(28/22%yh)1 /6 Lo 37%a22y3(92'3y?/%)? Yy
m. (3(z+1y))? n. 2(u—v)3(uv) 2 0. ab~'(1+ab)*(1 — ab)?
2
(e 0y (4)()
P T2 ¢ R boTs T
) zy?(z —y) 2 ; UQ(ZEI;)) a(b®*a?)?
L T L u.
(CE _ y)—3y4 (%)71/3 afB((b74)72/3)71/2
Answers

9a. 3v/3 9b. —5v/5 9c. 6v/3 9d. DNE 9e. 6/15 9f. 4v/2 9g. 8/2 9h. 9v/5 9i. 4v/6 9j. 30v/3 9k. 4/5 9l 15\5
9m. 7v2 9n. 11v/3 90. 9v/3 9p. 30v/10 10a. 3%/5 10b. 2¥11 10c. —2%/5 10d. 6&5 10e. DNE 10f. —3¥/12 10g. 2v/8
10h. 3¥/6  10i. 10920 10j. 3v/5 10k. —2¥/3 101. 15v/5 10m. DNE 10n. —3¢/14 100. 12v/5 10p. 2¥/20 10q. 2V/4
10r. DNE 10s. —20¥/10 10t. 4¢/5 10u. 5¥/4 10v. =398 10w. 4 10x. 86 10y. —3¥/2 10z 6¥/3 1027. DNE 1028. —4/2
lla. 3= 11b.9 1lc. —243 11d. 53 1le. —55 11£. DNE 1lg. 5 11h. 3 118216 11j. & 11k 27 11L g5
11m. 243 1ln. 5y 1lo. 64 1lp. I 11q. 5v/3 11r.499 11s. 54v/2 11t.m 11u. 135v5 11v. 243  1lw. 648V/3

1

243
11x. 1ly. 24v/3 1lz. -5 1127. DNE 1128. 8% 1129. 7v/7 1130, —L 1131. —509/2 1132 ZO%

12a. ;—fo = z0y~10  12b. L‘—Z = ubv™* 12c. % = z 0y 12d. a'/2¢  12e. Z—z = u3? 12f y;# = 2z 453 12g. (111917/72/6 =
al7/6p9/2  19h. a;§;2 =2-1a5p6¢12 121, 18u3vSw  12j. % = 213/2y=1/2,4 10k 272411/12  12]. 3435/12456/12

12m. 922 + 18zy + 9y* 12n. 2uv =2 —6v ™' +6ut —2u v = & — 8 4+ 8 2 190 ab~! — 2a3b + a®b® = ¢ — 2a%b + a°b°
12p. ;T40 =zly=10 12q. ;—12 = z'y~16  12r. 7% = —4"1u"2p? 12s. z—z - = 22y~2 —zy=' 12t /3016 12u. b?2/3




Pre-precalculus Boot Camp: Factoring polynomials page 7
http://kunklet.people.cofc.edu/ Jan 10, 2018

Factoring polynomials

To factor an algebraic expression is to rewrite it in an equivalent form in which the last operation
performed is multiplication. When factoring a polynomial,

1. Factor out any common factors.
2. Then try to factor the polynomial with one of these methods.

a. If the polynomial has two terms, try using one of the special products.

b. If the polynomial has three terms, try factoring it with backwards-FOIL. It also pays to be able

to recognize the perfect square a? + 2ab + b? = (a + b)%.

c. If the polynomial has four terms, try factoring it by grouping.

3. Test whether you can factor the factors.

Example 7:  8x® — 1222 + 10z — 15
Since the polynomial has four terms, we factor the first two terms and the last two and hope to find a
common factor.

(82 — 122%) + (102 — 15) = 42*(2z — 3) + 5(2z — 3) = (42 +5)(2z — 3).
end Example 7

Example 8:  5a*y + 2223y + 823y
This polynomial has a common factor of z2y:

5ty + 2223y + 82y = x?y(52? + 222 + 8).

To factor the three-term polynomial, look for a factorization (ax & b)(cz & d) that, when multiplied using
FOIL, gives First = 522, Last = 8, and Outside+Inside = 22z:

22y (5% 4 222 + 8) = 2?y(5x + 2)(x + 4).

end Example 8

The familiar difference of squares formula is just one of large number of special products:

? =y’ = (z—y)(z+y)

3. .3 2 2

2 -y’ = (z—y)(z" +zy +y°)

at =yt = (z—y)(@® + 2Py + 3y’ +¢°)

25— 5 = (z —y) (& + 23y + 22y + 2y + o)

25 — 8 = (z —y)(2® + 2ty + 23y + 2%y + 2yt +4°)

You can verify any of these yourself by carefully multiplying out the right side. When we replace y with —y
in the odd-lines, we also obtain

@’ +y° = (x+y)(2® -2y +y°)

25+ 95 = (x+y) (2 — 23y + 22y — 2y + ot

Example 9:  8u® +v® = (2u)® + v = (2u + v)(4u? — 2uv + v?)
The three-term polynomial can’t be factored further using integers.
end Example 9

Example 10:  z* — 16 = (z — 2)(z% + 222 + 42 + 8)
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This polynomial hasn’t been factored completely because the cubic polynomial factors further by group-
ing:

(23 +22%) + (dz + 8) = 2% (z + 2) +4(x + 2) = (x + 2)(2* + 4),

S0
2t =16 = (v — 2)(z + 2) (2% + 4).

We also could have arrived at this factorization by using square-minus-square:
a2t =16 = (22)? — 4% = (2? —4)(2® +4) = (x — 2)(z + 2)(2® + 4).

end Example 10

The quadratic 2 + 4 is said to be irreducible, meaning that it has no real zeros and, consequently
cannot be factored further without complex numbers. The quadratic 422 — 22 + 1 is also irreducible, since
b2 —4ac=(-2)?—4-4-1 = —12 < 0, so 4u? — 2uv+v? can’t be factored without using complex numbers for
coefficients. In fact, the quadratic factor that appears in the difference-of-cubes formula is always irreducible.

Every polynomial with real coefficients can be factored as a product of linear and irreducible quadratic
factors with real coefficients (although there is no method that produces the exact factorization of all poly-
nomials). If we allow ourselves to use complex coefficients, then every polynomials can be factored as a
product of linear factors only. When we use only real coefficients in our factors, we’re said to be factoring
the polynomial over the real numbers. When we allow complex coefficients in our factors, we’re said to
be factoring the polynomial over the complex numbers.

13. Factor the polynomial over the real numbers.

a. z2-16 b. z2-9 c. 25—a? d. 8—222 e. 36— u?
f. 4—922 g. 1622 — 9y? h. 1623y — 36zy3 i. 42?2 -5 j. 4x?+5
k. 8x3 —¢3 1 2%y —272%5 m. 3utv+ 8luvt n. 40x% +625y% o. 541253
p. z3y3 -8 q. x*-16 r. ot — 81yt s. 4z*—16 t. 128 — 18u?*
u 243u* — 3750 v. 1 —8z3y’ w. zy— 8x3y> x. a8 —1¢5 y. x%+64

14. Factor the polynomial over the real numbers.

a. 222 —z—1 b. 222 — 11z + 12 c. 2x%—6x—20 d. 622 —13z+5

e. 4dx’+4r+1 f. 922 — 6xy + y? g. 8x% —8x% + 2z h. 422 + 122y + 9y?

i 15224+ 172 —4 j. 1522 — 11z —4 k. —6224+8x+38 l. 22432 —28

m. 222 —-26xr—28 n. 22%—x-—28 o. 3x% —dxy—15y% p. 4023y + 402%y? + 10293
q. 5% —20x%4+202* r. 16z* + 2422 +9 s. 16z* —8x2 +1 t. bx? + xy — 4y?

u. 32?2 —22xy + 24y? v. 22% —23zy + 30y w. 3x?+6xy —24y?  x. 5x? — 30xy + 40>

y. 622 —11lay? + 5y z. 1520 4232392 +4y* 27, 32* — 1022y + 8y? 28. 9z* + 3822%y% + 8y
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15. Factor the polynomial over the real numbers.

a. 223 — 322 +8x—12 b. 32 + 622 + 5z + 10 c. 4x® —2z* + 2423 — 1222

d.  10x* — 2223 + 5022 — 110x e. 623 —8x%y+ 3wy — 493 f. 20u® — 4u?v + Suv? — 3

g.  5a®— 322 —20z + 12 h. 823 + 422 — 182z —9 i 43— 22 -362+9

joo 183ud — 1200 — 13uv? + 1203 k. 203 — Tu?v — 32uv? + 11203 1. 223 — 322 — 62+ 9

m. 83 +4x? —4x —2 n. z* 4323 —8x—24 0. 27—8ly+y> —3y*

p.  x° =923 —822 4+ 72 q. 45 + 23+ 10822 +27 r. uwdv? —u—3u*® +3
Answers

13a. (z+4)(z—4) 13b. (z—3)(z+3) 13c. (5—z)(5+z) 13d.2(2—=z)(2+z) 13e. (6—u)(6+u) 13f (2—3z)(2+3z)) 13g. (4do—
3y)(4x +3y) 13h. day(2z — 3y)(2z + 3y) 13i. (22 — V/5)(2z +V/5) 13j. does not factor further 13k. (2z — y)(42? + 22y + y?)
131 22y?(z—3y) (2% +3zy+9%%)  13m. 3vu(u+3v)(u?—3uv+9v?)  13n. 5(22+5y) (422 —10zy+25y%) 130. (22+5y)(x?—52%y+25y%)
13p. (zy—2)(22y® +2ey+4) 13q. (z—2)(x+2)(22+4) 13r. (x—3y)(x+3y)(@>+9y2) 13s. 4(z—v2)(z+2) (22 +2) 13t. 2(4—
uV/3)(4+uV3)(16 +3u?)  13u. 3(3u — 5v)(3u + 5v)(9u? +250?)  13v. (1 —22y) (14 22y +42%y?) 13w, zy(1 — 2y2v2)(1 + 2y2+/2)
13x. (z—y)(z+y)(@® —2y+y*)(@® +2y+y*) 13y. Has no real zeros; hence, does not factor without using complex coefficients.
1da. (2z+1)(z—1) 14b. (2z—-3)(z—4) 1l4dc. 2(2z+2)(z—5) 14d. (3z—5)(2z—1) 1de. (2z+1)> 14f. (3z—y)? 1l4dg. 2z(2x—1)?
14h. (22 +3y)? 14i. (3z+4)(5z —1) 14j. (15z +4)(z — 1) 14k. —2Bz+2)(z —2) 14l (z—4)(z+7) 14m. 2(z + 1)(z — 14)
14n. (2z + 7)(z — 4) 1do. 3z + 5y)(z — 3y) 14p. 10zy(2x + y)? 14q. 52%(1 — 22)?  14r. (42® + 3)% 14s. (22 — 1)*(22 +
1) 14t. 5z —4y)(z +y) ldu. (z —6y)(3z —4y) 14v. (22 — 3y)(z — 10y) 1dw. 3(z + 4y)(z — 2y) 14x. 5(x — 4y)(z — 2y)
14y. (6z —5y2)(z —y?) 14z. (323 +4y?) (52> +y?) 1427. (322 —4y)(2* —2y) 1428. (2% + 4y*)(92% +2y°) 15a. (22 +4)(2z —3)
15b. (3z% 4+ 5)(x + 2) 15c. 22(2? + 6)(4x — 2), or, 22%(z% + 6)(2z — 1)  15d. 22(x? + 5)(5z — 11)  15e. (222 + y?)(3z — 4y)
15f. (4u®+0?)(5u—v) 15g. (z—2)(z+2)(52—3) 15h. (2243)(22—3)(2z+1) 15i. (z—3)(x+3)(4z—1) 15j. (u—v)(u+v)(13u—12v)
15k. (u —4v)(u +4v)(2u — Tv) 15l (z +v/3)(z — V3)(2z —3)  15m. (22 —v2)(2z +v2)(2z + 1), or 2(zv/2 — 1)(zvV2+1)(2z + 1)
15n. (2+3)(z—2) (2% +22+4) 150. (1-3y)(3+y)(9—9y+y?) 15p. (z—2)(x—3)(z+3)(z®>+22+4) 15q. (v+3)(22—3x+9)(422+1)
15r. (uv — 1)(uv + 1)(u — 3)
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Solving polynomial equations

One reason we factor polynomials is to find their zeros, i.e., the z-values that cause the polynomial to
equal zero. We rely heavily on a special property of the number zero. For the product of two numbers to be
zero, it is both necessary and sufficient that one of the two must be zero. That is,

ab =0 if and only if a =0 or b= 0.

It is important to remember that no number other than zero has this property. For instance, ab = 3
does not mean that a or b has to equal 3.
To solve a polynomial equation, try to

Get zero on one side and factor the other.

Example 11:  Solve for = in the equation 0 = 622 4+ — 1
Factor the right side. 622 +2 — 1 = (22 + 1)(3z — 1). So, for this product to equal zero, one factor or
the other must be zero:

20 +1=0 3r—1=0
20 = —1 3z=1
r=-1/2 r=1/3

That is, 0 = 622 + 2 — 1 has two solutions: z = —1/2 and x = 1/3.
end Example 11

Example 12:  Solve for x in the equation 4z3 + 142% = 8x.
Get a zero on one side by subtracting 8z to both sides:

4o + 142% — 8z = 0.
Now factor the left side. First factor out the common factor of 2z, and then factor the three term polynomial
using backwards FOIL:
22(222 + Tx — 4) = 20(2x — 1)(x +4) = 0.

For the product of 2z, (2z — 1), and (z + 4) to equal zero, one of these factors has to be zero:

2c=0 22—-1=0 x+4=0

z=0 x=1/2 x=—4
That is, the solutions to 423 + 1422 — 8z = 0. are x = 0, 1/2, and —4.
end Example 12

The problem of find y-intercepts usually boils down to solving an equation, as the next example shows.

Example 13:  Find the x- and y-intercepts along the curve y = 622 — x — 2.

To find the y-intercepts, we set z = 0 and calculate y = 6 - 0> — 0 — 2 = —2. That it, (0,—2) is the
y-intercept.

To find the z-intercepts, set y = 0 and solve for x by factoring:

0="6z%—2—-2= 3z —2)(2z+1).

The solutions are
3r—2=0 20 +1=0

3z =2 2z = —1
so this curve has two z-intercepts: (2/3,0) and (—1/2,0)
end Example 13
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16. Find the zeros of the polynomial.
a. z2—16 b. 22-9 c. 25—z d. 8—22? e. 36 —u?
f. 4 — 922 g 1622-9 h. 16z — 36z i. 422 -5
17. Solve for x.
a. 222 —2—-1=0 b. 222 -11xz4+12=0 ¢ 22°-62—-20=0 d. 622 —-132+5=0
e. 4ax?4+4x=-1 f. 922 — 242 = —16 g 8x3—822=-2z h. 42?2 +12zx= -9
i 15224+ 17x—4=0 j. 1522 —1lz =4 k. —62%+ 8z = -8 . 224+32-28=0
Answers

16a. 7 = +4 16b.z = +3 16c.z = +5 16d. z = +2 16e. u = +3 16f. z = +2/3 16g. ¢ = +3/4 16h. z = 0 or + 3/2
16i. 2 = +v5/2 17a. 2 = 1,-1/2 17b.z = 3/2,4 17c.z = 5,—1 17d. z = 5/3,1/2 17e.z = —1/2 17f. z = 4/3
17g. 2 =0,1/2 17h.x=-3/2 17i.2=1/5,-4/3 17j. z=1-4/15 17k. 2 =2,-2/3 17L. x=4,—7
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Rational functions

A rational function is a fraction whose numerator and denominator are both polynomials. We perform
arithmetic on rational functions just as with any fractions.

Simplification isn’t something you do in your last step to satisfy your math professor; it’s something
you do at every step to make your work easier. Be on the lookout for common factors of the numerator
and denominator and cancel these.

. +2 _ +2 — _1
Example 14: 75 = (m—§><m+2> ==
Notice that m—iQ is considerably simpler than ;2'?4. Canceling the x + 2 was a good move.

end Example 14

Examgle 15: Can I cancel the z in ILH 7

71z has no common factors, at least as it is written at present. You can cancel the x from top and
bottom if you factor it out first, but the result might not be very useful:

T T 1

z+2 a(1+2) 1+2
end Example 15

18. Simplify the rational function.

5% + 227 + 8

72 4+ 6x + 8

1222 4+ 11z — 15
3r2 —4x — 15

922 — 122 4+ 4

322 — 20x + 12

223 + 422 + x4+ 2

73 4+ 212 — 41 — 8

422 — 4z +1
472 — 1

623 4+ 922 + 22 + 3

1523 — 2722 4+ 52— 9

42—z —1
2+ 2x+1

8x?+2x—1

202 + 3z +1
222 + 14z + 20

222 + 62 — 20
4922 + 28z + 4

2122 — 362 — 12

x5 —8

2 —4

922 4+ 1

922 + 67 + 1

623 — 222 + 3z — 1

623 + 222 +3z+1
2723 — 922 — 3z + 1

922 — 6z + 1

222 — 14z + 20
622 — 8z — 8
222 4+ 7o + 3

422 +4x + 1

23 4+ 222 — 9z — 18
3 — 312 + 4z — 12

422 — 1
8z3 +1
zt — 16

223 + 522 + 8z + 20

323 + 322 +4x + 4

313+ 322 —4x —4
22 —5x+6

x4 — 1322 + 36
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19. Perform the operation indicated and simplify the resulting rational function.
a. 2 — 1 b. L + 2 c. 3 — 4
r—3 2zx+1 r—5 bxr—3 r—3 x—1
d. 2 + 2 e. LI f. I
3r+1 3x-1 r+4 x—4 24+3 3x+1
. 2z B 1 b 2e+1 3z-1 ; 2 1
322 -23z -8 322413z +4 T 2x—1 3x+1 " x+3 322482 -3
. 1 1 K 3 4 1 r+3 1
) 2x2—11x+15+2x2—9x+10 o244 x+2 222432 -2 2-1-6
1 T 1 1 1 1
M 0 322 1 102 — 15 84 — 1222 24 B8 O @_da+D) 2—4
3 4z x3 1 2x 1
P 6B 341 P —2rlee—8 & 2+l Bl U @10 Hres—or
. z—1 _ 4—x ¢ 1 _ 1 2x + 1 T+ 2
T2 4 -2 a3 +222 -4z -8 o2 -2z 2x—4 1022 — 72 — 6  Hx2 +4x — 12
2 —1 T+ 2 2x 1 1 1
V' 1022172+ 6 ' 522 1 16z + 12 Vo4 z+2 7 B 22 —9z+9 222-18
1 1 3 4 1 1
y. — Z. - —— 27T. —
203 + 522 — 22 — 10 322 -3 z+4 22-16 —3z—4 22211z +12
20. Perform the operation indicated and simplify the resulting rational function.
a :c+1':1:+2 b 2 ' 6 x+3. x—3
Tz —-3 xz—4 T x+2 z+2 20 +1 2242z —3
q x?—4 . 2_3x+2 o T+ 3 . 2x + 5 ¢ :172—4;:17—2
222 —bx+3 22411z +18 222 -32—-20 22—-T7x+12 7 22-9  z+3
2x2—:c—1' —25 W 2—5x+3_ 8x2 — 12z ; ﬁ—%
& @ 14r—5 82° 273  I5a3 52?3t Twv2 | 2
o 2+ 322 — 4w —12 | 2?4+ 922 +20 2t 3 L B3
Y B3t iarti12 3z -6 x2 -1 ’ 23
m. 29”3 o n. i—fé _ i_jr% o. 2;:11 _ ITH
r—1 i—jr‘g ;—:g xr—2
Answers
18a. 3282 18b. -1 18c. £=5 18d. 423 18e. 22 18f 1 18g =2 1gp. fzt2 g WD) gy 2ot
18k. Iz;—fj“ 181. 4122f—5;+1 18m 21: 18n. does not simplify further 18o. ;Zlg 18p. g;*; 18q. ;;jr} 18r. ‘;;Zti
18s. x—1 18t. 3u+1 180 prirg 192 iy 19b. W 19¢. gy 194 gty 19 — oy
190 sy 198 % 19h. = 115)<léz+1> 195 TS 193 I 191" %
191. W 9m. gttty 190 oy 2+2z+4) 190. =3¢ iy 19P- G Gy 190 Tid
19r. (2%1(5(6;“5) 19s. (;;)flj2) 19t —5 19w =2; 19v. A2 19w, % 19x. _W
19y. 3(214;)2(171) 19z. igig 1927. (z+1)(12173) 20a. ET?)ETQ 20b. 17+1421+4 20c. (2z+11;(3z i 20d. %
20e. i 20f 2 225 20h. C 0D 201 2 205, L(2+2)(2®+5) 20k. ;i 20L - 20m. 51T
20n, 2529 900, 2-2




